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MO DAU
1. Ly do chon dé tai

Toan hoc, trong suy nghi ctia nhiéu ngudi, nhiéu thé hé hoc trd 13 mén hoc khé va
hét sirc kho khan. Véi nhitng ngudi c6 tu duy toan hoc t6t thi viéc hoc mén hoc nay cé phan
don gian hon mot chit, con véi sb dong ngudi khac, day 1a viéc twong dbi phirc tap. Tuy
nhién, toan hoc 14 bd mon khoa hoc tu nhién c6 vai tro rat quan trong trong hoc tap cling
nhu trong doi sdng. Mén toan cung cap cho hoc sinh hé thong kién thirc pho théng, co ban
va thiét thuc khong chi gitip ich trong cudc sdng ma con hd tro cho viée hoc tip cic mén
khac nhu hoéa hoc, vat 1y, sinh hoc, dia ly... Bén canh do, n6 con rén cho hoc sinh 6c tu
duy sang tao va kha nang tryc quan nhanh nhay; hinh thanh cho cic em nhiing pham chat
can thiét nhu can than, kién tri, trung thuc, ti mi va yéu thich khoa hoc. Tuy nhién c6 rat
nhiéu hoc sinh s¢ hoc mén toan boi nhirng dac trung ctia b mon khoa hoc ty nhién doi hoi
ngudi hoc phai ¢6 kha ning tu duy cao, cac kién thirc ¢6 sy lién két va ké thira tir thip dén
cao.

Trong chuong trinh Giai tich 12, ndi dung kién thirc vé ham s6 nam & chuong I. Day
1a noi dung rat quan trong trong chuong trinh toan 12, viéc van dung céc kién thirc vé ham
sd dé giai phuong trinh, bit phwong trinh va hé phuong trinh dai s thudng xuét hién trong
cac dé thi hoc sinh gioi 16p 12 & cac S0, cac dé thi tét nghiép, hay dé thi Pai hoc.

Trong mdt vai nim gan ddy, viéc st dung ham dic trung dé giai phuong trinh, bat
phuong trinh va hé phuong trinh trong cac dé thi dai hoc, cao dang va trong cac dé thi hoc
sinh gioi duoc sir dung kha pho bién. Nham gitip hoc sinh nam viing phwong phap sir dung
tinh chat ham dic trung trong giai toan va két hop phuong phép niy véi cac phuong phap
khac, linh hoat trong cac cach xtr li dé giai quyét cac dang toan. Toi da chon dé tai cua sang
kién kinh nghiém 1a “Khai thdc tinh chit ham dic trung dé gidi phwong trinh, bit phwong

trinh va hé bit phwong trinh dai sé”.
2. Muc dich nghién ciru.

- Nghién ctru tinh hiéu qua va kha thi cta dé tai trong viée giai quyét cac bai toan vé giai
phuong trinh, bat phuong trinh va hé bt phuong trinh trong qué trinh day toén 16p 12.
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- Gitp hoc sinh c¢6 médt phuong phap hiru hiéu khi giai cac bai toan vé phuong trinh, bat
phuong trinh va hé bat phuong trinh, tir d6 hinh thanh cho hoc sinh cac k¥ ning bién doi,
kha ning so sanh, phan tich va tong hop tét, dong thoi c6 mot tu duy sang tao, linh hoat khi
giai todn.

- Pong gop mot hé thong cac bai toan phuong trinh, bat phuong trinh va hé bat phuong

trinh trong dé thi hoc sinh gioi, dé thi Pai hoc, Cao dang cua cac trudng trong ca nudc.

- G6p phan gay hing tha cho hoc sinh khi giai quyét cac bai toan giai phuong trinh, bat
phuong trinh va hé bat phuong trinh. Tir d6 giup hoc sinh c¢6 himg thi hoc tap hon, tu tin
trong viéc giai cac bai tap toan.

- Nghién ciru ciia dé tai gitp nang cao nghiép vu chuyén mon cia ban than, rit kinh nghiém
trong giang day va la tu liéu tra ctru cho hoc sinh cling nhu giao vién khi hoc va day ndi
dung nay.

3. Pdi twong nghién ciru va pham vi nghiém ctru.
a) P6i twong nghién ciu.

- Hoc sinh 16p chon 12 ban Co ban va dac biét doi tuyén hoc sinh gid1, hoc sinh thi Pai hoc,
Cao dang.

- Kién thuc Giai tich 12 chuong

b) Pham vi nghién ciru.

- Kién thtc vé ham s6, phuong trinh, bit phwong trinh va hé bt phuong trinh.

- Sach gido khoa, sach gido vién va mot s sach tham khao.

- Pé thi dai hoc, hoc sinh gi0i cua cac truong trén ca nudc va mot sb tai liéu trén Internet
4. Phwong phap nghién ctru.

Pé thyc hién myc dich va nhiém vu cta dé tai, trong qua trinh nghién ciru t6i da sir dung
cac nhom phuong phap sau:

a) Nghién ciru tai li¢u.

- Doc tai liéu, sach bao, tap chi gido duc, cac dé thi hoc sinh gioi cua céc trudng trén ca
nudc.

- Nghién ctru cac bai lam cua hoc sinh.

- Xay dyng hé thdng bai tap dua trén cic nghién ctru ciia dé tai.



Page 4 of 59
b) Nghién ctru thie té.
- Phuong phap dam thoai phong véan: dy gio, trao d6i y kién voi dong nghiép.
- Phuong phéap quan sat (cong viéc giai bai tap cuia hoc sinh)
- Phuong phap diéu tra: tham do ¥ kién ctia GV va HS khi hoc ndi dung nay.

- Phuong phap thuc nghiém: t6 chirc va tién hanh thyc nghiém su pham dé kiém tra tinh
kha thi ctia d¢ tai. Pua vao giang day 16p chon 12A1, 12A2, 12A5 cua truong khi hoc va
6n tap ndi dung nay. Giang day doi tuyén hoc sinh gioi 16p 12.

5. Ké hoach nghién ctru.

- Nghién ciru ndi dung phan ham s6, phuong trinh, bat phuong trinh va hé phuong trinh
trong sach gido khoa, sach gido vién va céc tai liéu tham khao.

- Nghién ciru dé thi dai hoc va dé thi hoc sinh gioi 16p 12 cua cac trudong THPT trén ca
nudc.

- Nghién ctu viée linh hoi kién thac caa hoc sinh trén 16p, 4p dung dé tai cho hoc sinh vao
cac budi chuyén dé, cac budi 6n luyén hoc sinh gioi.
- C6 danh gia sy tién bo caa hoc sinh khi p dung dé tai dbi vai hoc sinh trude va sau khi &p
dung, giita cac 16p dugc phan cong giang day tir thang 9 ndm 2022 dén thang 2 nam 2023.
6. Nhitng dong gop ciia dé tai.
- Piéu tra dugc thyc trang day- hoc noi dung ham sé tai treong THPT Quang Minh trong 3
nam tré lai day.
- Pé xuat dugc phuong phap giai phuong trinh, bat phuong trinh va hé phuong trinh bang
cach sir dung tinh chat ham dic trung.
- Phan dang va néu cac bai toan thuong gap khi giai phuong trinh, bt phwong trinh va hé
phuong trinh.
- Xay dyng va hé théng dugc cac bai todn giai phuong trinh, bat phuong trinh va hé phuong
trinh c6 phén tich ti mi tirg truong hop khi giai.
7. Cau tric caa dé tai.

Ngoai phan m¢ dau, két luan, danh muc tai liéu tham khao va cac minh chang, dé
tai gém 3 chuong:
Chuong 1: Co so ly luan va thyc tién
Chuong 2: Khai thac tinh chét ddc trung cua ham sé dé giai phuong trinh, bat phuwong trinh
va hé phuong trinh dai s6.

Chuong 3: Thuc nghiém su pham.
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Chuong I
CO SO LY LUAN VA THUC TIEN
I. Co sé ly luan.
Mon Toan ciing nhu nhitng mén hoc khéc cung cap nhiing tri thirc khoa hoc, nhiing
nhan thirc vé thé giéi xung quanh nham phat trién ning liwc nhan thire, hoat dong tu duy va
bdi dudng tinh cam dao dirc tt dep ctia con ngudi.

Mon Toan c6 kha ning gido duc rat 1on trong viée rén luyén phuong phép suy nghi,
phuong phap suy luan logic, thao tac tw duy can thiét dé con nguoi phat trién tu duy toan
dién, hinh thanh nhan cach t6t dep cho ngudi lao dong trong thoi dai méi.

Dua trén nguyén tic ciia qué trinh nhan thirc ctia con ngudi di tir “cai sai dén cai gan
dung roi moi dén khai niém dang”, cac nguyén tic day hoc va dic diém qua trinh nhan thirc
cua hoc sinh.

Khoi day va phat trién nang luc tu hoc, nham hinh thanh cho hoc sinh tu duy tich cuc,
doc lap sang tao, nang cao nang lyc phat hién va giai quyét van dé, rén luyén k¥ nang van
dung kién thirc vao thuc tién; tac dong téi tinh cam, dem lai niém vui, htg tht hoc tap cho
hoc sinh.

2. Thuc trang van dé truéc khi ap dung cia deé tai.

Véi diém dau vao thap hon so vai mot s6 truang trong khu vue, d6 ciing 1a mot kho
khan khong nhé véi hoc sinh cua toi khi tiép can cac bai toan van dung vé giai phuong trinh,
bat phuong trinh va hé phuong trinh. C6 nhiéu bai toan cac em cam thay ling ting va khdng
biét xtr Iy thé nao.

II. Co sé 1y thuyét
1. Mot s6 két qua:
+ Néu ham sé y = f(x) ludn ddng bién (hoic nghich bién) va lién tuc trén tap D thi sb
nghiém trén D ctia phuong trinh f (X)=a khdong nhiéu hon mot nghiém va
vuveD: flu)=f(v) cu=v.
+ Néuham sé y = f (x)ludén dong bién va lién tuc trén tap D thi
YuveD: f(u)<f(v) u<v.
+ Néuhamsb y = f(x) ludn nghich bién va lién tuc trén D thi
vuveD: flu)<f(v) u>v.

2. Phuong phap giai mot s6 dang.
Dang 1: Phuong trinh da dugc dua vé dang: f(u) = f(v) trong d6 u = u(x), v=v(Xx).
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Phwong phap:
Budc 1: Bién d6i phwong trinh vé dang f (u) = f(v), u,veD
Budc 2: Xét ham s6 y = f (t) trén mién xac dinh D.
o Ti}‘lh y’ va xét d’éu y.
e Kétluanhamso y= f(t) la ham don diéu trén D.
Budc 3: Két luan.

e Phuong trinh da cho c6 nghiém khi va chi khi u=v.
e Giai phuong trinh U=V
e K&t luan nghiém cua phuong trinh d3 cho.

Dang 2: Bat phuong trinh d3a cho dugc dwa vé dang: f(U)< f(v) trong d6
u=u(x), v=v(x).
Phwong phap:
Budc 1: Bién d6i bat phuong trinh vé dang: f(u) < f(v), u,veD
Budc 2 : Xét ham s6 y = f(t) 12 ham don diéu trén D.
* Tinh y’ va xét dau y’.
* Két luan ham s6 y = f(t) 13 ham don diéu trén D.
* Néu f(t) don diéu tang thi: f(u)< f(v) u<v.
* Néu f(t) don diéu giam thi : f(u) < f(v) < u>v.

Budc 3 : Két ludn nghiém cua bat phuong trinh di cho.

Tong két chwong 1

Trong chuong nay, tic gia da hé thong lai cac kién thirc co ban vé tinh dong bién,
nghich bién ctia ham sb. Bén canh d9, tac gia dua ra cac budc giai phuong trinh va bat

phuong trinh bang cach sir dung tinh chat ham dic trung.
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Chuong 11
KHAI THAC TINH CHAT HAM PAC TRUNG DPE GIAI PHUONG TRINH, BAT
PHUONG TRINH VA HE PHUONG TRINH PAI SO

I. Khai thac tinh chat ham diic trung dé giai phwong trinh.

Dé giai mot phwong trinh ta co nhiéu cach giai khac nhau, moi cach giai déu doi
hoi nhiéu kién thirc va sw van dung linh hoat trong do. Ta xét vi du sau:

Vidu 1:

Giai phuong trinh: 24/2X +4 + 442 - x =/9x* +16 (VX € R)
Loi gidi tham khao

N 2X+4>0
biéu kién: & -2<x<2 ().
2—-x20

242X +4 + 42— x =/9X* +16 <> 4(2X +4) +16(2 - X) +16,/(2x + 4)(2— X) =9x* +16
< 48-8x +16,/2(4—x*) =9x* +16 (1)
Véi bai todn nay, t6i xin néu ra mét sé cdch gidi sau:
Cich gidi 1:
(1) < 16,/2(4—x*) —8x=9x"* —32 = 8(2,/2(4 — x*) —x) =9x* —32 (la)

Xeét truong 1:

x<0 N
22(4-xX) +x=02,2(4-X) =X & 4\/§<:>X:_T
X=t——
3
Thay X = —gve‘m (1a) khong théa man.
42

Xanum%Z:24%4—%)+x¢0c>x¢——§—

8(2424- X = X)(22(4-X" +X) ..
(la) < 2{2(4—x* +x X
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o 8(8(4—x*)—x 9%’ _32 8(32-9x%)
2\J2(4- X" +x 22(4 - X" +x
9x* ~32=0

=0 8

1+ =0
2J2(4— X +X

=9x*-32

8

< (9x* - 32)[1+
( A 2,J2(4— X" +x

42

Xét phuong trinh 9x* -32=0< x= J_rT

42

Két hop diéu kién x = @ duogc X = % thoa mén.

Xét phuong trinh

8

1+ ——=0=22(4-X) +Xx+8=0<= 2,/2(4—X*) =—x-8
2,J2(4—X*) + X ( ) (

Vi —2 < x <2 nén phuong trinh 2,/2(4—x*) = —-X—-8v6 nghiém.

42

Vay phuong trinh da cho c¢6 nghiém X = =

4+ Phan tich:

O cdch gidi nay, khdc sdu dwege cho hoc sinh khi ding phwong phdp nhén lién hop dé
gidi bdt phwong trinh vé ty. R6 rang la theo cdch gidi nay, hoc sinh ndo khéng xét truong
hop biéu thirc lién hop bang khong la khéng hoan chinh.

Cach giai 2:
< 164/2(4—x*) =9x* +8x —32

) S—4—4J1_9
(1) _ [9x' +8x=3220 _ 9 ()
512(4—x*) = (9%* +8x—32)* || x> ﬂ
81x" —144x* +512x -1024=0 (1b)

Giai phuong ttrinh (1b)

1024 32 32 32
S8IX ——)-144x(xX* ——) =0 (X' ——)| 81(x* +—)—-144x |=0
(1b) ( 81) ( 9) ( 9)[ ( 9) }
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42

S X= J_rTZ (vi 81(x* + %) —144x =81x* —144x + 288 = (9x —8)* + 224 > 0, Vx)
42

Véi x = iT két hop v6i diéu kién (**) ta duoc X = g (thoa man diéu kién (*)).

Vay phuong trinh da cho c6 nghiém X = M
+  Phéantich:

O cdch gidi nay, doi héi hoc sinh phdi ¢ kj nang phdn tich thanh tich cdc nhan tir khi
gap phuwong trinh bdc cao ciing nhw giai phuwong trinh vo ty bang phép bién doi tuong
dwong. Piéu ndy nhiéu khi sé la khé khan véi mét sé hoc sinh.

Cdch gidi 3:
<16,2(4—X*) =9x* +8X —32 < 4(8—-2x°) +16+/8—-2x* +16 = X* +8x +16
(1) 24/8-2x* =—x—-8 (2
< (24/8-2x°) +4) = (x+4)’ & @)
24/8—-2X* =X 3)

Phuong trinh (2) v6 nghiém vi 2<Xx<2=-Xx-8<0=VT (2) 20> VP(2).
Giai phuong trinh (3):
x>0

2\8-2X" =x & 42 & X= g (thoan man diéu kién (*))
X=t——
3

Vay phuong trinh da cho c6 nghiém X = M
4 Phan tich:

O cdch gidi nay, ching ta da linh hoat dwa dwoc phwong trinh dé cho vé dang téng binh
phuong ¢ hai vé bang cdch thém bot dé xuat hién hang dang thirc. Do ciing la mot y tuong
rat hay khi giai quyet bai toan nay. Ngoai ra bang cach thém bot ta co thé giai bai todn
nhu sau:

Cach giai 4:
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(1) < 163/-2%" +8 = 9" +8X — 32 > 4(~2X" +8) +16+/-2X* +8 = X +8X
& 4(-2X* +8) +16J-2x* +8 = 4(= ) 16—
& 4(/-2x7 +8)* +16+/-2x7 +8 = 4(5)2 +16E (1c)

Tir diéu kién —2<x <2 ta c6 g e[-11]

Xétham s f(t) =4t +16t voi t €[-1;+)
f'(t)=8t+16; f(t)=0< t=-2¢[-1+wx)

Ta c6 bang bién thién :

t - 0 -2 -1 + o0
(1) 0
f(t)

Tir bang bién thién ta c6 ham s6 f(t) ludn dong bién trén [—1; +oo)

Mit khac f(t) 1a ham s6 lién tyc trén [—1; +OO) :

Do d6 phuong trinh:
520 x>0 4\/5
(Ic) & f(V-2x*+8) = f (= )<:>\/—2x +8 = 2<:> 4 2<:>X:T
ox+8=2 | XTE 5T

(thoa mén diéu kién (*)).
4 Phan tich :

Cdch gidi bai todn nay sé don gian hon rat nhiéu néu ta biét cach sir dung phirong phdp
ham dac trung dé giai.

(1) ©8+/32-8x* =9x* +8x —32 < (/32 —8x*)* +8.4/32 —8X* = X* +8x

Va khi d6 s& din dén viéc xét ham dic trung f (t) =t* +8t véi t e [-2;+00)
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L e, s S X
Hoac, néu dé y rang tir diéu kién —2<x<2 tacod 2 € [—1;1] va 0<v/-2x +8 <2y/2 thico

thé xét ham s6 & phuong trinh (1c) 1a  f(t)=4t° +6t; te [—1; 22 ] , nhung that ra ta chi
can xét ham s6 f(t) véi t xac dinh nhu & cach giai 4.

Qua bén cdch gidi trén ta nhdn thdy, viéc sir dung tinh chdt ddc trung dé gidi bai
toan lam cho viéc giai bai toan tro lén don gian gan gon hon. Qua do toi xin manh dan
néu ra mot so dang toan gidai phuong trinh bang cach swr dung tinh chat ham dac trung.

Mt sé dang phwong trinh giai bing cich sir dung tinh chit ciia ham diic trung.

Dang 1 : Khi gip phuwong trinh dang ax’ +bx + ¢ = nex +d ma cé thé gidi bang phwong
phdp ham dic trung thi khi d6 ta sé dwa phirong trinh da cho vé dang

ax’ +bx+c=nAex+d < m.(px+u)’ +n.(px+u)=m.(ex+d)+n+ex+d

Xét ham ddc trung f(t) =mt* +nt luén don diéu trén mién can xét. Khi d6 cong viéc tiép
theo la phai xac dinh dwoc cdc hé $6 & trén bcing cach déng nhat thirc dé tim cdc hé so.

Dang 2 : Khi gip phirong trinh dang ax’ +bx’ +cx+d =ni/ex+v (1) ma gidi dwoc bang
phuong phap ham dac trung thi cach giai sé la:

Buorc 1: Xdc dinh cac hé so m, p, u sao cho

ax® +bx’ +cx+d =nifex+v < m.(px+u)’+n(px+u) =m.(ex +V) + n.g/(ex +v)

Bu6e 2: Xét tinh don diéu ciia ham déc trung f{t) = me +nt, chitng minh dwoc ham sé f(t)
luon dong bién hodc luén nghich bién trén mién can xdc dinh

Khi do ta co phwong trinh

(1) < f(px+u) = f(ex+v) < px+u=</ex+v (2)

Buoc 3: Tim cach giai cho phuong trinh (2)

Dang 3: Khi gap phuong trinh dang ax’+bx’ +cx+d = (e1x+v1).\/m (1) ma giai
dwoc bang phirong phdp ding ham ddc trung thi cdch gidi dé sé la:

Buorc 1: Xac dinh cac hé s6m, n, p u sao cho

ax +bx* +cx+d = (eX+V,)~/ex+Vv

< m(px +u)’ +n.(px+u) = m.(vex +v)’ + nex+v

Buéc 2: Xac dinh tinh don diéu ciia ham ddc trung f{t) = mt® +nt, chitng minh ham sé f{(t)
Iuén dong bién hodc ludén nghich bién trén mién xdac dinh. Khi dé ta ¢é phwong trinh
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D < f(px+u)=f(Vex+Vv) < px+u=+ex+v (2)
Buoce 3: Tim cach giai cho phuong trinh (2).

Dang 4: Khi gdp phwong trinh ¢é dang X' —b=aifax+b (1) véia > 0 (x la an) ta dwa
dwroc vé ham dic trung dé gidi quyét bang cdach nhi sau:

() & X +ax=ax+b+aifax+b < x* +ax = (Yax+b) +Jax+b

Véi ham déic trung f(t) = £+ at, phwong trinh dd cho dwoc bién déi vé phuwong trinh

Xx=3ilax+b < xX* =ax+b

Mot so vi du sau sé minh hoa cho cdc dang trén.

Jx+1-2 1
Y2x+1-3 x+2

Loi gidi tham khao

Vi du 2: Giai phuong trinh: (X € R)

. x>-1
biéu kién: (*)
X#13

Phuong trinh da cho twong duong véi

(X + 2)(\/x +1—2):\3/2x +1-3 & (X+1)VX+1+Vx+1=2x+1+32x +1 (1)

Xét ham s6 f(t)=t3+t,véri teR;
Ta co f'(t):3t2 +1>0, Vt e R suy ra ham s6 f(t) dong bién trén R.

Mit khac f (t) lién tyuc trén R

Do dé phuong trinh (1) <> f (\/x +1) = f (\3/2x +1) o Ix+1=32x+1

1 L
X2——= xZ—l 2
< 2 I 2 =< x=0
(x+1) =(2x+1)"  [X*-x*-x=0 1545
2
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x=0
& 1++/5 (thoa man diéu kién (*)).
X =
2

va X=0.

Vay nghiém ctua phuong trinh da cho la: X =

+ Phan tich :

Viéc gitip hoc sinh bién doi phwong trinh dé nhdan ra ham déc trung la mét khdu quan
trong trong vi du nay. Viéc nhdn chéo va bién déi moéi vé cia phiong trinh can dwoc thuc
hién mot cach khéo léo @é xudt hién ham dic trung dang f(t)=1> +1t
Vi du 3 : Giai phuong trinh: 8x* —36X* +53x —25=%/3x-5 (X € R).

Loi gidi tham khao

TXD: D=R

8X° — 36X’ + 53X — 25 =/3x —5 < (2x —3)° + (2x —3) = (/3x =5)* +/3x -5 (1)
Xéthamsd f(t) =t +tvsi teR
Ta c6 £2(t) = 32+ 1 >0, Vt € Rsuy ra ham s f(t) dong bién trén R.
Mit khac f(t) 13 ham s6 lién tuc trén R
Do d6 phuong trinh
f(2x—3) = f (3x-5) < 2x-3=13/3x -5 < (2x —3)’ =3x -5
< 8x*—36x°+51x—22=0
ZM}
4

<:>(X—2)(8X2—20X+11)=O<:>X€{ ;

553
4

Vay tap nghiém cua phuong trinh 1a T = { ;

+ Phan tich :
Qua Vi dy trén gido vién giiip hoc sinh nhdn ra dwoc cdc budce gidi quyét nhie sau:

+) Puwa phwong trinh vé dang f(g(x)) = f(h(x))
+) Xét ham dac trung T (t)=mt’ +nt.
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+) Pong nhat sao cho biéu thirc & hai vé phdi c6 dang m.(i/ﬁf +n.3/3x =5 va so
sanh vé phdi dé véi vé phai ciia phwong trinh dé cho nén ta chon n =1.
+) Tw do dwa phwong trinh da cho co dang
+) Tim cdc hé som, p, U
Vidu4: Giai phuong trinh: 4%* + x— (X +1)v/2x+1=0 (x € R).
Loi gidi tham khao

Piéu kién: x> —% *).

AX° + X— (X +1)V2x +1=0 < 8x° +2x = 2(x +1)v2x +1
< (2x)°+(2x) =[(2x +1) +1]vV2x +1
< (2X)° +(2x) = (W2x +1)° +4/2x +1 (1)

Xéthamsd f(t) =t +tvéi teR
Taco £2(t) =32+ 1> 0, Vt € Rsuy ra ham s6 f(t) dong bién trén R.

Mit khac f(t) 1a ham s6 lién tuc trén R

Do d6 phuong trinh
2x>0
D)o f2x)= f(Wx+l) o 2x=Jx+1l <
4x* -2x-1=0
x>0

1+/5

S _1xfFex="— (thoa mén diéu kién (*)).

Vay tap nghi¢ém cia phuong trinh 1a T = { 1

1+\/§}

4+ Phan tich:

Biéu thirc & trong can bdc hai la 2x +1, vi vdy ta sé bién déi dé sao cho mét vé cia
phuong trinh biéu dién duwoc qua 2x + 1.

Cdch lam nhdn cd hai vé ciia phwong trinh da cho véi 2, khi d6 ta ¢6 2(x+1) = (2x + 1)
+ 1,

Vi du 5: Giai phuong trinh: X° +3x* +4x+2=(3x+2)v/3x+1 (X eR)
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Loi giai tham khio

Diéu kién: x> —% ™.

X+ 3% +4X+2=(BX+2)/3x+1 < (x+1)° +(x+1) = (\3x +1)° +/3x+1 (1)
Xéthamsb f(t) =t +tvoi teR

Taco £2(t) =32+ 1> 0, Vt € R suy ra ham sd f(t) dong bién trén R.

Miat khac f(t) 12 ham sé lién tuc trén R

Do d6 phuong trinh

10
) < F(x+1) = F(VBXTL) > x+1=Bx 1l i
X +1=(x+1)

x>-1
X>-1 x=0 A g
S <4 x=0< (théa man diéu kién (*)).
X*=x=0 x=1
x=1
Vay tap nghiém cua phuong trinh 1a T = {0;1}
+ Phan tich:

+) Gido vién gitip hoc sinh nhdn ra can dwa hai vé phiong trinh vé dang f(g(x)) =
f(h(x)) véi ham dac trung f(t) =mt’+nt.

+) Pong nhdt sao cho biéu thirc & hai vé phdi ¢é dang m.(3/3x —5)" +n.{/3x -5

+) Tim nhitng hang tr & hai vé sao cho phwong trinh did cho c¢6 dang
m(px +u)’ +1.(px+u) =m.(/3x =5) +13/3x =5 (*)

Vi du 6: Giai phuong trinh: X’ +1= 23/2x -1 (x e R)
Loi gidi tham khao
TXD:D=R
X +1=232x -1 < X +2x=2x -1+ 2.3/2x -1
S X +2X = (MY +2432x -1
Xét ham sb f(t) =2 +2t voi te R

Ta c6 £2(t) = 32+ 2> 0, Vt € Rsuy ra ham s f(t) dong bién trén R.
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Miat khac f(t) 12 ham sé lién tuc trén R
Do dé phuong trinh

De fx)=fR2x-1) o x=3y2x-1< X’ =2x-1
~1++/5
2

< (x-1)(x? +X-1):0<:>XE{1;

Vay tap nghiém cua phuong trinh 1a T = {1;

~1+/5
2

4+ Phan tich :

Badi toan (1) ciing gidi dwoc theo cach dwa vé hé phuwong trinh doi xieng loai 2, tuy nhién ta
thdy sir dung phwong phdp ham déc trung bai todn tré 1én don gian va dé dang hon

Vi du 7: Giai phuong trinh: x® —7x% +9x +12 = (x—3)(x— 2+5\/x—3)(\/x—3 —1) (1).

Loi giai tham khao
Pidu kién: x—3>0<x>3 (2).

Phuong trinh

() < (x—4)(x* =3x=3) = (x=3)(x—2+5x—3)(x-3-1)
<:>( x—3—1)(\/E+1)(x2 —3x—3) = (x—3)(x—2+5ﬂ)(ﬂ—l>
N ((Jx_—s—l)((dﬁﬂ)(x2 —3x—3)—(x—3)(x—2+5ﬁ)) =0

JXx=3-1=0——+/x-3=1<x=4
(\/EH)(XZ —3x—3)=(x—3)(x—2+5\/E) (*)

D& thay X =3 khong 1 nghiém cta phuong trinh di cho.
x*—3x—-3 Xx—2+5Jx-3

=

Véi x> 3, giai phuong trinh (*) ta dugce

x-3  x-3+1
(x—4)" +5(x—4)+1 x-3+5Jx-3+1
- f(x—4)=f(Vx-3
@ X—4+1 Jx-3+1 < f(x=4) (X )
t?+5t+1

Xétham s6 f (t)=

1 trén (—1;+0),
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3

Taco f'(t)=1+
(t+1)

>0,Vte(—L+0),

2

Suy ra f(t) 1a ham s dong bién trén (—1;+00)
Do d6 phuong trinh (*) < f(x—4)=f (\/X—3).
Xx—4>0

<:>x—4:\/E<:>{( )2

X = (thoa mén diéu kién (2)).

, e
X°—9x+19=0 2

X=>4
@{ 9+\@

Vay tap nghiém ctua phuong trinh da cho c6 nghiém T = {4; >

9+\/§}

Vi du 8: Giai phuong trinh: (X+3)/X+1+(X—-3)41-x+2x=0 (XeR).
Loi gidi tham khao
Diéu kién: —1<x<1 (¥)
(X+3)/X+1+(x=3)1-x+2x=0

Taco: < [(X+1) +2]vVXx+1+2x =[(1—X) + 2]V1- X
& (X1 + (WX +1) + 24 x+1 = (V1= X + (W1=x)* +2+41-x (1)

Xéthamsd f(t) =t°+t"+2t v6i t €[0;+)

Taco f'(t))=3t"+2t+2>0, Vte [O;+OO) suy ra hao sb f(t) dong bién trén [O;+OO). Mat

khéc f(t) lam ham lién tyc trén [0; +00).

D6 do6 phuong trinh

1) < f(x+1) = f (V1= x) & /x+1=1-x < x+1=1-x < x = 0(théa man diéu kién
(*)
Vay phuong trinh di cho c6 nghiém duy nhét x = 0.

+ Phan tich:

Gido vién gitip hoc sinh nhdn ra cdch biéu dién x + 3 va X —3 theo hai biéu thirc trong
can bdc hai. Boi voi so hang 2x, hoc sinh ciing phai biéu dién duoc chung qua (x+1) va
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(I - x), dé dang c6 dwoc 2x = (x+1)-(1-x), va véi diéu kién —1<x <1 thi ta viét duwoc
X+1=(VXx+1)* va 1—x = (N1—X)?, nhw vdy bdi todn trén sé dwoc gidi quyét mét cach dé
dang/

Vi du 9: Giai phuong trinh

Ux+2+3x+1=32x +1+3/2x* (1) (xeR).
Loi giai tham khao
Tap xac dinh: D= R
Dit u=3/x+1va v=3/2x* khi d6 phuong trinh da cho tré thanh :
Ju+l+u=3V +1+v (la)
Xéthamsé f(t) =/t +1+t véiteR

2

t . ) .
f'(t)=————+1>0,Vt R suy ra ham s6 f(t) dong bién trén R
It +1)°
Mat khac f(t) 1a ham lién tuc trén R
Do d6 phuong trinh (1a) < f(u)=f (V) < u=v

x=1

Voiu=vtacd Ix+1=32x* < 2x’ - x-1=0< 1
X=—=
2

1
Vay phuong trinh ¢6 tdp nghiém T = {_E ;1}

4+ Phan tich:

Giao Viéi:l yéu cau hoc sinh phdn’ tich bai todn dé chi ra ham dac trung trong vi du nay.
Tw do yéu cau hoc sinh phan tich moi quan hé giita cac doi twong trong bai todn. Biéu thuc
dudi dau can bdc hai & hai vé ¢6 chung mét moi lién hé la x+2 = (x+1)=1 va 2x? +1
=(2x)’+1, do vdy néu dit U= Ux+1va v=3/2x* thi phuong trinh da cho tro thanh:
Ju+l+u=3N+1+V, khidéta thdy phwong trinh sé dwoc giai bang phwong phdap ham
dac trung, trong do ham dac trung o day la f(t) = e +1+t

Vi du 10: Giai phuong trinh: X’ —4X* =5Xx+6=/7X"+9x—-4 (xeR).

Loi giai tham khao
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Tap xac dinh: D= R
bat y:m,tacéhé:

X*—4x* -5X+6=Yy X' —4X* -5X+6=y
{y3 =7X"+9x -4 <:>{7x2 +9x—-4=y’
Cong vé véi vé cua hai phuong trinh voi nhau ta duge phuong trinh:
X +3X*+4X+2=y' +y= X+) '+ (x+)=y’+y (1)
Xéthamsd f(t)=t’+t voiteR
Taco £2(t) =32+ 1> 0, Vt € R suy ra ham sd f(t) dong bién trén R.
Mit khac f(t) 1a ham s lién tuc trén R
Do d6 phuong trinh (1) < f(Xx+1) =f(y) < y=x+1
Voiy=x+1 taco phuong trinh:
X+1=3/Tx*+9x—4 S X+HL) =7X"+IX -4 < X’ —4x* —6x+5=0

Xx=5

SX-5)X+x-)=0< —_1+.5
X=——
2

Vay tap nghiém ctua phuong trinh ddchola T = {

1445
—

+ Phan tich:

Poi véi vi du trén dé tao ra ham ddc trung qua la khéng don gian chit ndo. Diéu
nay yéu cau hoc sinh phai luon linh hoat va sang tao khi gidai toan. Viéc dat biéu thirc can
bdc ba la mot an moi la mot huwong giai quyet hoan toan hop ly dé lam xudt hién ham dac

trung trong vi du trén.

Vi du 11: Giai phuong trinh

X —BX: +12X -7 =3/ +9x* —19x +11 (X eR)
Loi gidi tham khao

Tap xac dinh: D= R

Pat y =</—x* +9x° —19x+11, taco hé :
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X' —6X'+12x—-7=y 2X° —12X°+24x —14 =2y
{ys =1 9xt —19x 11 {{—ﬁ +9x° -19x +11=y’
Cong vé véi vé cua hai phuong trinh ndy véi nhau ta duge
X =3X*+5x-3=y'+2y <> (x-1)*+2(x-) =y’ +vy (1)
Xéthamsd f(t)=t"+2t véiteR
Taco f7(t) =32+ 2> 0, Vt € R suy ra ham s f(t) dong bién trén R.
Mit khac f(t) 1a ham s6 lién tuc trén R
Do d6 phuong trinh (1) < f(X-1) = f(y) < y=x-1

Voiy=x-1 tacod phuong trinh:

X—1=3/—X*+9x* —19x +11 < (X-1)° ==X +9x* —19x +11
& X —6x"+11x - 6=0< (x—1)(X' -5x +6) =0 = x € {1;2;3}

Vay tap nghiém cua phuong trinh dachola T = {1; 2; 3}

Vi du 12: Giai phuong trinh

(2X + 3)VAX® +12X +11 +3x/9x* +2 +5x +3=0 (1) (xeR).
Loi giai tham khao
Ox*+2>0, VYxeR
Ta co
4 +12x+11=(2x+3)’+2>0, ¥YxeR

Do @6 tap xac dinh D= R
(D) < (2x +3)/(2x +3)* + 2 + 2X +3=(-3x)4/(=3X)* + 2 + (-3x)  (1a)
Xéthamsd f() =tP+2+t véiteR

, 2t +2
Fn= VP +2

Mat khac ham f(t) 1a ham lién tuc trén R

+1>0, VteR suy ra ham s f(t) dong bién trén R

Do d6 phuong rinh (1a) < f(2x+3) = f (-3X) < 2Xx+3=-3X < X= - g
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. 3
Vay phuong trinh ¢6 nghiém X= - g

Vi du 13 : Giai phuong trinh

(VAx* —12X° +9x* +16 — 2x* +3xX)(vX+3 ++/x-1)=8 (xeR)
Loi giai tham khao
X+32>0 X>-3

Piéu kién : {Xx—1>0 six>1 < x>1 (%)
4x* —12Xx* +9x* +16 >0 (2x* —=3x)*+16>0

batu=x"— 3?)(, v=4/X—12>0. Phuong trinh da cho tr¢ thanh :

(A +16 - 2u0) (W +4 +Vv) =8 = (Nu* + 4 —u)(VV: +4 +v) =4

4
SV +H4 —-U=——— U +4—-u=~V'+4-v (1
IV +4 +v @

Xét ham sd f(t) voi te R

\/’m+t> Jt o+t B t]+t
JE+4 Wt +4 Jt+4

t .
Taco f'(t)= +1 >0, VteR suy ra ham so
V' +4
f(t) ddng bién trén R.
Mat khac f(t) 1a ham lién tuc trén R
Do d6 phuong trinh (1) < f(u)= f (V) << u=v

Tacéo x=v>+1. Do do
u=v<:>(v2+1)—§(v2+1):v<:>2v“+v2—2v—1=0

v=1
S V-D)Rvi+2vi+3v+]) =0<

2V +2vi+3v+1=0 (2)
V6iv=0, tacd 2 +2vP +3v+1>0+0+0+1>0 do d6 (2) vo nghiém.
Véiv =1 tacox =2 (thoa min diéu kién (*))

Vay phuong trinh di cho c6 nghiém duy nhét x = 2.
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Qua cdc vi du trén, phan ndo ta di c6 mét sé kinh nghiém khi dp dung tinh chdt ham
ddc trung dé gidi cho cac phuong trinh. Tuwong tu, ciing van khai khac tinh chat cua ham
ddc trung, ta sé xét tiép viéc ap dung doi voi bdt phuong trinh.

IL. Khai thac tinh chit ham diic trung dé giai bat phwong trinh

Sau ddy ching ra sé xét tiép cdc bai todn gidi bdt phwong trinh bang cdch sir dung
tinh chat cua ham dac trung.

Mot s6 dang bat phirong trinh thwong gdp va cach gidi :

Dang 1 : ax’ +bx* +cx+d < n</ex +v (1)

Néu bai todn gidi dwoc bang phwong phdp ham ddc trung thi ta sé thuc hién cdc bude sau :
Buoc 1 : Xac dinh cac hé sO m, p, u sao cho

ax’ +bx’ +ex+d <niex +v < m.(pXx +u)’ +n.(px +u) <m.(ex +v) +n.m

Bude 2 : Xét tinh don diéu cia ham ddc trung f(t) = m® +nt, chirng minh dwoc ham sé f{(t)
luon dong bién hodac nghich bién trén mién can xdc dinh.

Khi d6 néu ham sé f(t) dong bién trén mién xdc dinh thi bat phwong trinh
1) < f(px+u)< f(lex+v) < px+u<ifex+v (2)
Néu ham sé f(t) nghich bién trén mién xdc dinh thi bt phwong trinh
1) < f(px+u)< f(lex+Vv) < px+u>iex+v (2)
Buéc 3 : Tim cdch gidi cho bdt phwong trinh (2) hodc (2°)
Hoan toan tuwong tw doi véi cdc bat phirong trinh
ax’+bx’+cx+d < n.i/exﬁ
ax’ +bx: +cx+d > nifex +v
ax’ +bx? +cx+d > nifex+v

Dang 2 : ax’ +bx* +cx+d < (ex+Vv)~ex+v (1)

Néu bt phwong trinh gidi diroc bang phiong phdp ding ham ddc trung thi cdc buéc thire
hién la :
Budc 1: Xdc dinh cac hé s6 m, p, usao cho

ax’ +bx* +cx+d < (ex+Vv)Aex+v < m(px+u) +n.(px+u) <m.(vex+Vv)’+n~/ex+v
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Bu6c 2 : Xét tinh don diéu ciia ham ddc trumg f{t) = mt +nt, chimg minh ham sé f{t) luén
dong bién hodc luén nghich bién trén mién xdc dinh

Khi d6 néu ham sé f(t) dong bién trén mién xdc dinh thi bat phwong trinh
1) < f(px+u)< f(lex+v) < px+u<ilex+v (2)
Néu ham sé f(t) nghich bién trén mién xdc dinh thi bt phwong trinh
1) < f(px+u)< f(fex+v) < px+u>dex+v (2)
Bué6c 3 : Tim cdch gidi cho bdt phwong trinh (2) va (2°).
Hoan todn twong tw doi véi cdc bat phiong trinh ¢é dang :

ax’ +bx*+cx+d < (e X+ vl).m

ax’ +bx: +cx+d > (ex+V,)./ex+v

ax’ +bx*+cx+d > (ex+Vv)./ex+v
Sau day chung ta sé xét mot vai vi du minh hoc cho phwong phdp trén.

Vi du 1: Giai bat phuong trinh (x +2)vx +1 >27x° —27x* +12x -2 (1)

Lot giai tham khao
biéu kién: x>-1  (%).
Bat phuong trinh
(1) o @Bx-1P+3xr-1<(Wx+1)P> +/x+1 o fGx-1)< f(x+1) ().
Xéthamso f(t)=t>+t véi teR
Taco f'(t)=3t>+1>0, Vt nén f(t) dong bién trén R.
Mat khac f(t)1a ham sé lién tuc trén R.
Do d6 phuong trinh : (2) < f(Bx-1)< f(Nx+1) < 3x—1<x+1

{x+120 _ {33(—120
hoac

= <:>—1st2-
3x—-1<0 9x* —7x <0 9

Két hop voi diéu kién (*) ta dugc —1<x < g
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N s N 7
Vay tap nghiém cua bat phuong trinh 1a T = {—1;5]

+ Phan tich loi giai.

Trong vi du nay, dé xudt hién ham s6 ddc trung f(t)= t* +t hoc sinh can bién doi linh
hoat cdc s6 hang trong méi vé ciia bat phwong trinh.
Vi du 2: Giai bat phuong trinh

27X° =27X* +12x -2 < (X + 2)@ (xeR)
Loi giai tham khao

Diéukién: Xx>-1 (*).
27X° = 27X +12X =2 < (X + VX +1 < (B3x =1’ +3x —1< (VX +1) +V/x+1 (1)
Xéthamsd f(t)=t’+t voiteR
Taco £2(t) =32+ 1> 0, Vt € R suy ra ham sd f(t) dong bién trén R.
Mit khac f(t) 1a ham s lién tuc trén R

Do d6 bat phuong trinh

3x—-1<0
{x+120
3X+1>0
{x+1>(3x—1)2

() < fEx-D< f(¥Vx+1) o Jx+1>3x-1<

-1<x<

Wl
|
[HEN
IA
x
IA
Wl

1
X>—
3 3 1£x<—
9

i IOx*-7x<0 O<x<—

. . 7
Két hop vai diéu kién (*) ta dugec —1< X< 3

. 7
Vay tap nghiém ctia bat phuong trinh 1a: T = [—1; 5)
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+ Phan tich loi giai:
Gido vién can hwéng dan hoc sinh téch biéu thirc va bién doi vé dang:

(X+2VXx+1=[(x+1) +1]Vx+1= (VX +1) +/x+1

Tir d6 dan dén viéc xét ham dic trung dang T () =t" +t véi teR

Vi du 3: Giai bit phuong trinh: x* —17x° + 34x% —32x +12 < 5x/x -1
Loi giai tham khao

Pidu kién: x>1 (%)

(1) & 5xx—1+25x%(x —1) > x* +8x° +9x* —32x + 12

& 2503 (x—1)+5xdx -1 > (2 +4x—4)? + (x> +4x—4) (2)

Jx— Vx-1¢€|0;
voi x21= V120 YT e[Oe)
2 +4x-4>1 x2+4x—4e[1;+oo)

Xétham sd f(t) =1+t trén [ 0;+)

Taco f'(t)=2t+1>0, Vt=0suy ra ham sO f(t) dong bién trén [0; +oo)

Mit khac f(¢) 1a ham s6 lién tuc trén [ 0;+o0)
Do d6 bat phuong trinh
(2) & f(5xx—1)2> f(x* +4x—4).

S Exlx—1>x" +4x—4 < Simx’>1 5‘1/x—2121+4.x—21

X

x
- - - 2_x+1>0
eaXls Pligcoele Pl T
X X 4 X x*—-16x+16<0

&2 —16x+16<0 < 8—4/3 <x <8+44/3.
Két hop voi didu kién (*) ta duge 8—44/3 <x<8+44/3

Vay tap nghiém cua bat phuong trinh da cho 1a T =[8 — 4\/5 ; 8+ 4\/5 I

ey
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Vi du 4: Giai bat phuong trinh : 8X° +2X > (X + 2)VXx+1 (X eR).
Loi giai tham khao
Diukién: x>-1 (*).
8X’ +2X > (X+ 2)VX+1 < (2X)° +2x > (Vx+1)P +/x+1 (1)
Xéthamsd f(t)=t’+t voiteR
Taco £2(t) =32+ 1> 0, Vt € R suy ra ham sd f(t) dong bién trén R.

Mit khac f(t) 1a ham s6 lién tuc trén R

Do d6 bat phuong trinh
2x>0
D<= f(2x)> f(VXx+1) o VXx+1l<2X <
X+1<(2x)’
x>0
(1) i _
x>0 1T T
& o g &X>
4x* —x-1>0 N 8
X>1+ 17
i 8
- i 1
1 —-1<x<=
-1<x<=
3 3 —13xs1
S 1 ol x> & 3<:>—1£x<—
X>= 3 1
3 —<X<—
(9% =Tx<0 O<x<— 3 J
Két hop véi didu kién (*) ta duoc x>1+;3/1_7
Vay tap nghiém cua bat phuong trinh 1a: T = (1 al ;3/1—7 ;400)

Vi du 5 : Giai phuong trinh
4% +18x° + 27X +14 < /4x+5 (xeR).

Loi gidi tham khao
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TXP:D=R
AX® +18X* + 27X +14 < /4X +5 <> 8X° + 36X’ +54X + 28 < 23/4x +5
& (2% +3)° +2(2x +3) < (/4x +5)* +2.:/4x +5 (1)
Xéthamsd f(t)=t"+2t voiteR
Taco f7(t) =32+ 2> 0, Vt € R suy ra ham s f(t) dong bién trén R.
Mit khac f(t) 12 ham sb lién tuc trén R
Do d6 phuong trinh

(D)< f(2x+3) < f(/4x+5) < 2x +3<Y4x+5 < (2x +3)° <4x +5
S 4AX+18x° +25x +11< 0 < (x+1)(4x° +14x +11) <0

@XE(_OO__7_\/§JU[—7+\/§__1J
2 ;

4

. —7—+/5 —7++/5
Vay tap nghiém cua bat phuong trinh la: T = [—oo; 2 \/_j U [%\/» ; —1}

4+ Phan tich :

Dé y 1oi gidi trén ta thdy, néu gitk nguyén bdt phiong trinh va dong nhat hé sé thi ta ciing
van tim dwoc két qua nhwng qud trinh bién doi sé rdt phitc tap, cong kénh. Pé cho dé dang
trong viéc tinh todn, ta nén nhan hai vé ciia bat phwong trinh véi 2, vi ta dé y (2x)° = 8x°.
Tir d6 ta phén tich dé xudt hién ham ddc trung dang f(t) =t° + 2t

Vi du 6: Giai bat phuong trinh

X =2X+3 =X —6x+11>~/3—x—/x-1 (1) (xeR).
Loi gidi tham khao
x-1>0 (x>1
. 3-x=>0 X<3
biéu kién : & <1<x<3 (¥)
X*—2x+3>0 (x-1)*+2>0
(X' —6X+11> (x=3)"+2>0

D) o JX+) +2+Vx+1>/B-x)+2+/3-x  (la)

Xétham & f (t) =Vt + 2+t véi t e[0;+0)
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t 1
+
Ji+2 2t

Mit khac f (t) 1a ham lién tuc trén [0;+o0)

Taco f'(t)= >0, Vte (O; +oo) suy ra ham s6 f(t) dong bién trén (0; +oo)

Do d6 bat phuong trinh (1) < f(x—1) > f(3—X) = x—-1>3—x < x> 2.
Két hop véi diéu kién (*) ta dugc 2<x<3
Vat tdp nghiém cua bat phuong trinh dd cho la T = (2; 3]

+ Phan tich:

O'vi du trén gido vién hiedng dan hoc sinh khéo léo phan tich

JX —2X+3:\/(X+l)2 +2va JX —6X+1l:\/(3—X)2+2 dé tir d6 s& nhan ra dugc

ham déc trung.

Vi du 7: Giai bat phuong trinh

X+ X+1 3% +3x+1< X +X (x eR)
(X" +X+D)(3x* +3x +1)

Loi giai tham khao

1., 3
‘ X' +X+1>0 (X+§) +7>0
Diéu kién: < VVXxeR (%)
X' —6x+11> 1,, 1
3(x+=)+=>0
2 4
X+ X+1—/3x° +3x +1< X X
(X* +x+D(Bx* +3x+1)

<:>\/x2+x+l—\/3x2+3x+l<1( ! L
2 X'+x+1 3x*+3x+1

< x2+x+l—l#<\/3x2+3x+l—1; 1)

2 X +x+1 23x*+3x+1

Xét ham sb f(t):\ﬁ—%.%, Vte(0;+oo)

Tacé f'(t):i%.t%

2t

>0, Vte(0;+o) suyraham so f(t) dong bién trén (0;+)
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Mait khac f(t) 1a ham lién tuc trén (O; +oo)
Do d6 bat phuong trinh
D f(XHX+D) < fBX +3x+) & X +X+1<3x* +3x+1
& 2X +2x >0 xe(—0;—1) U (0;+0)
Vay tap nghiém cuta bat phuong trinh da cho 1a T = (—o0;—1) U (0;+)
% Phan tich :

Trong vi du trén, gido vién giup hoc sinh quan sat dé dé dang nhin ra tach vé phai
ra thanh hai biéu thurc co lién quan voi vé trdi, va tir do ta co duoc cach gidi sau

Vi du 8: Giai bat phuong trinh
X—3X—2 <X —BXx —xJ/X*+2 (1) (xeR).

Loi giai tham khao

Piéu kién : x > % (*)

(D) © X+ XX +2 <4/3x =2 +,/3x(3x - 2)

& X+ XX +2 <ABX =2 +\/3x — 24/ (\/3X —2)" +2

Xéthamsd f(t)=t+tJt?+2véiteR

Taco f'(t)=1+~t"+2+ zt— >0,VteR suy ra ham sd f(t) dong bién trén R

JE+2
Mait khac f(t) 1a ham lién tuc trén R
Do d6 bat phuong trinh (1) < f(x) < f(V3x-2) = x</3x-2 (2)
Vi didu kién (F)tacd (2) @ X <3 -2 X —3x+2<0<1<x<2
Két hop véi diéu kién (¥) ta dugc 1< x <2
Vay tap nghiém cta bat phuong trinh da cho 1a T =[1;2]

+ Phan tich:
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Trong 101 gidi ciia vi dy trén, gido vién can nhdn manh phwong phdp tach cdc
s6 hang dé tao ra cdc nhém phit hop d@é xét ham ddc trung, ta di nhém x va XN/X + 2
, 3x =2 va JIX* —6X véi nhau i véi diéu dién dé phirong trinh c6 nghia thi
JOx* —6x =[3x(3x — 2) =/3x — 2.4/3x )

Vi du 9: Giai bat phuong trinh
3.2+ +3) + (4X +2)(V1+ X+ X +1) >0 (xeR) (1)
Loi giai tham khao
Tap xac dinh: D= R
Bét phuong trinh
(1) © 3%.(2+ 9% + 3> —(4x + 2)(V1+ X+ X +1)
& 2.3% +3%4/(3X)* +3 2 2(-2x 1) +(-2x ~D(/(-2x-1)* +3  (2)
Xét ham s6 f (t) = 2t +tAtP+3 véiteR

2

t
JtE+3

Mat khac f (t)1a ham lién tuc trén R

Taco f'(t)=2++t"+3+ >0,Vt € R suy ra f(t) 1a ham dong bién trén R

Do d6 bat phuong trinh (2) < f(3X) > f(-2x-1) ©3x<-2x -1 < x> %

. 1
Vay tap nghiém cua bat phuong trinh la: T = [—g : +ooj

% Phan tich :
Théng qua vi du trén, mét lan nita ta dwoc thdy viéc biéu dién cdc s6 hang qua nhau
dé xudt hién ham ddc trung. Véi biéu thire NNIX* +3 ¢6 thé biéu dién qua 3x bang
cich N9X* +3 =/(3x)" +3

Vi du 10: Giai bat phuong trinh: 42X —1|(x* — x+1) > x° —6x* +15x 14 (1)
Loi gidi tham khao

Tap xac dinh: D= R
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Ta c6 bat phuong trinh
1) < [2x-1[(2x-1)* +3]>(x—2)* +3x -6
ol2x -1 +3[2x -1 > (x-2)' +3(x=2) (¥

Xét ham sb f(t) =t +3t véi t e R, ta co £(t) =3t + 3 >0, Vt € R suy ra ham s f(t) dong
bién trén R.

Miat khac f(t) 12 ham sé lién tuc trén R

Do d6 bat phuong trinh (*) < f(2x—1) > f(x—2) < [2x -1 > x -2

XZ1 le
] 2 2 1
2X=1>x-2 x>-1 XZE
& = = 1¢>VXGR
X< = X< = X< =
2 2 2
_ﬁx—1<—x+2 _x<1

Vay bat phuong trinh nghiém ding VxeR.
% Phan tich:

R6 rang viée N1+ X+ Xt sé bién déi nhw thé ndo la mét diéu hoi khé khan. Thong
qua 10 gidi vi dy trén, cho chiing ta mot cach xir Iy rat hay kién bién doi N1+ X + X°
Vi du 11: Giai bat phuong trinh: ¥24x-11-16xy2x-1-1<0 (1)

Loi gidi tham khao
A 1,
biéu ki¢n: x > 5 -

2
Dit y=\/2x—120:>y2=2x—1<:>x:y2+1-

2 2 2
(1)@§/24-y 2”—11—16-?/7”-1/237”—1—130

o 122 +1-8(y2 + 1)\ Jy? —120 = 31257 +128y° +8y +1

< 8y’ +12y° +8y +2 < 12y° +1+12y° +1
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S Qy+1 +Qy+1) @122 +1° + 3127 +1 (2)
Xéthamsd f(t)=t>+t voi teR
Tcocod f'(t)=3t"+1>0, VteR suyrahamsd f(t) dong bién trén R
Mit khéc f(t) 1a ham s6 lién tuc trén R

Do d6 bat phuong trinh

2) o fRy+1) < Q1212 +1) = 2y +1< 3124 +1

S Ry+1)° <12y +1< 8y +6y <0< 2y(4y* +3) <0< y <0

Suy ra: v2x -1 £0<:>2x—1=0<:>x:%-

; e A 1 1
Két hop véi diéu kién (*) suy ra x = 5

: ; : 1
Vay tap nghiém cua bat phuong trinh ¢6 nghiém la T = {E}

Ciing giong nhw phwong trinh, cdc bat phwong trinh ciing vé ciing phong phi, va
khéng phdi khi giai bat phwong trinh ta chi gdp nhitng dang néu trén ma ching ta con cé
thé gap nhiéu dang khdc nita. Do d6 doi héi nguoi hoc phdi tim toi, sang tao, linh hoat khi
dimg trudc mot bai toan. S€ la khéng toan dién néu chiing ta bé qua viéc khai théc
tinh chat nay doi véi hé phwong trinh dai so néi riéng va hé phuwong trinh néi chung.
Chiing ta nghién civu ndi dung phan 3 sau day.

I11. Khai thac tinh chat dic trung dé giai hé phwong trinh dai so.

DPoi véi hé phurong trinh dai sé gidi bang phirong phdp sir dung tinh chat ciia
ham ddc trng, ta thdy cé mét diém chung la déu tir mot phwong trinh, phdt hién ra
viéc khai thdc tinh chdt ham déic trung, dwea phiong trinh dé vé mdt phwong trinh
don gian hon, sau dé ding phwong phdp thé, két hop véi phwong trinh con lai, ta sé
gidi quyét dwoc bai todn. Chiing ta quan sdt cdac vi du sau ddy dé thdy dwoc ré hon
phuong phap giai nay.

(y—Z)M—x\/y:O (@)
M(\/V+l):(y—3)(l+«/x2 +y—3x) 2)

Loi gidi tham khao

Vi du 1: Giai h¢ phuong trinh
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x>-1
Piéu kién: {y>0 (*)
X2 +y—-3x>0
a=+/x+2 =a’—
Pat (a=1b>0),taduoc | X=% 72
b=y y =b?

Khi d6 phuong trinh (1) tr¢ thanh
(b*-2)a-b(a*-2)=0< ab(h-a)+2(h-a)=0 < (b-a)(ab+2)=0=a=b

(do ab+2>0)nén phuong trinh (1) < /x+2=/y & x+2=y.

Thay vao phuong trinh (2), ta dugc

KLV 241) = (x-1) 14V - 21+ 2)
=S x+1(1+4/(x+1)+1) :(x—l)(l+./(x—l)2 +1) ©)

Xétham s f (t) :t(1+\/1+t2) trén R
t2
V1+t?

Mat khac f (t)la ham lién tuc trén R

Taco f'(t)=1+v1+t* +

>0,VteR, suy rahamsd f(t) dong bién trén R.

Do do6 phuong trinh

x=>1

X+1=x?-2x+1

R) e f(\/x+l): f(x-1) < x+1:x—1<:>{

x>1
S2 W & X=3.
X°=3x=0

Véi x=3=y=5, tathdy x=3,y=>5 thoa man diéu kién (*).

Vay hé phuong trinh da cho ¢6 nghiém 1a (x;y)=(3;5).

X =3x"—9x+22=y'+3y* -9y (1)

Vidu 2: Giai h¢ phuong trinh: 1 (x,y e R).
x2+y2—x+y:5 (2)
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Loi giai tham khao
Piéu kién: xR,y eRR.
X' =3X*—9x+22=y’+3y*" -9y (x-1°-12(x-1)=(y+1)°’-12(y+1) (la)

1 = 1 1
XY —X+y== X—=)+(y+3) =1 2a
y y 5 ( 2) (y 2) (2a)

Tt phuong trinh (2a) ta suy ra

—13x—1§1 —§£x—1§%
1 .71 3
-1<y+—-<1 ——<y+1<—
y 2 2 y 2
. ‘ A _ 3 . 33
Xét ham so f(t)=t’ -12t vé1 Vt e 25|

Taco f'(t)=3t"-12<0,Vte [—g,g} suy ra ham f(t) nghich bién trén [—g,g}

Mat khac {(t) 1a ham lién tuc trén doan [—g ; g}

Do d6 phuong trinh (1a) < f(x-D)=f(y+) <o x-1=y+1l<y=x-2

Thay y = x — 2 va phuong trinh (2a) ta dugc phuong trinh

WESIE
(x—%)2+(x—g)2:1<:>4x2—8x+3:0<:> 2 2
X=—=>V=——
2 y 2

Vay h¢ phuong trinh c6 nghiém (X;y) = (%;—g), (g;—%)_

4 Nhdn xét :

- Ta thdy & phwong trinh (1), bdc cao nhdt ciia hai an x, y déu la bdc ba nén ta hudng dén
cach phan tich dé xudt hién ham dac trung. Gido vién huong dan hoc sinh cach phan tich
dé duoc ham ddc trung dang f(t) = £ — 12¢t, tir d6 gidi quyeét badi todn theo cdc budc thong
thuong.
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2xy (x+y-1)=x*+y? (1)
Vi du 3: Giai hé phuong trinh (x,y eR).
Ry Y2 +1-Vx2 +1=xy-x  (2)

Loi gidi tham khao
Piéu kién: xy>0.

Tacod VX +1-x>0, VXeR nén y=0 khong thda man (2) Dovay y#0. Suyra
X =0 khong thda man (1).

Néu X,y cung 4m thi (1) vo li. Do d6 X,y cung duong.

Khi d6 (2)@%(x/x2+1—x)=y(«/y2+l—1)<:>§ /1+%—§=y Y +1-y (3).
Xét ham sd f('[):t\/l+'[2 —t trén khoang (0;+w).

Taco f'(t)=vt*+1+

t2
2

~1>0, Vt>0. Suy raham sb f (t)ddng bién trén(0;+w).

7

2
t
e 1 1
Khi d6 (3) < f(;j: f(y)<:>;=y<:>xy=1.

Thay xy =1 vao (1) ta duge: 2(x+y-1)=x*+y* < (x—l)2 +(y—1)2 =0 x=y=1.
Vay hé phuong trinh da cho c6 nghiém duy nhét (x;y)=(11).

+ Phan tich:

Piém co ban dé gidi hé trén la ta tim dwoc moi quan hé giita x va y. Ta thay, tir phwong
trinh (1), bang phwong phap thém bot hoac phdn tich, dung dong nhat hé so, ta sé tim dwoc
biéu thirc lién hé giiva bién x va y théng qua ham déc trung f (t) =tV1+t® —t. Va sau dé,
thé vao phwong trinh (2), ta dé dang dwa dwrgc phirong trinh dé cho vé tich hai nhan tir va
gidi quyét dwrge bdi todn.

VX+1+4x-1-\y'+2=y (1)

X,y e R).
X" +2x(y-1)+y* —-6y+1=0 (2)

Vi du 4: Giai h¢ phuong trinh: {

Loi giai tham khao

Pidukién: x>1,yeR (%).
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Qe X +2x(y-)+(y-1)' =4y < (x+y-1) =4y = y>0.

Khido (1) & J(x-)+2+/x-1=\y' +2+4y’ (la)
Xétham sé f (t) =t +1+</t véi t e[0;+m0)

1,1
2Jt+1 44t

Mit khac f (t) 1a ham lién tuc trén [0;+o0)

Taco f'(t)= >0,Vt >0 suy ra ham sd f(t) dong bién trén (O; +oo)

Do d6 phuong trinh (la)< f(x-1)=f(y) <o x-1=y' < x=y"+1
Thay vao phuong trinh (2) ta duoc:

y=0=>x=1
yly +1)"=4 (2a)

Véix =1 vay =0 thoa man diéu kién (*).

(y“+y)2=4y©{

Giai phuong trinh (2a):
Q) ey +2y'+y-4=0=(y-D)(Y+yY +y' +3y’ +3y* +3y+4)=0
y=1l=>x=2
f—
YV +y +y +3y'+3y"+3y+4=0 (2b)
Véix =2 vay =1 théa man diéu kién (*).
Phuong trinh (2b) v6 nghiém vi v6i Y > 0thi vé trai cta (2b) ludn 16n hon 0.
Vay h¢ phuong trinh c6 hai nghiém (x; y) = (1;0), (2;1)
+ Phan tich:

O vi du trén, da s6 hoc sinh nghi sé c6 gdng gidi phiong trinh thit hai triede vi nght
rang né don gian, c6 thé dwa vé phwong trinh tich bang cdach ddt nhdn tir chung, hodc dwa
dwroc vé phirong trinh tich bang cdch coi (2) la phirong trinh bdc hai an x, nhung khi bat
tay vao tinh todn theo hiedng ndy thi biét thirc denta lai khéng la sé chinh phiong. Pé tranh
nhitng khé khan nay, gido vién dinh hudng hoc sinh phdn tich bai todn dé xudt hién ham

dac trung T(t)=t" -3t

X =3x=y(y-1’ ={o(y-1) ()

yeR
1+4/x-1=y-1 (2) oy i)

Vidu 5. Giai hé phuong trinh{
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Loi giai tham khio

. x=1
bicu kién:{ *).
y>1

Tu phuong trinh (2) suy ra \/ﬁ -1>0c=y>2

D) = x —x=(/y-1)'-3.y-1 (la)

Xéthamsd f(t) =t' -3t véi te[L;+o0)

Taco f'(t)=3t"—-3>0,Vt>1 suyra ham s f(t) dong bién trén [l; +0)
Mit khac f (t) 1a ham lién tuc trén trén [1;+o0)

Do d6 phuong trinh (1la) < f(x) = f(Jy-1) @ x=y-1

Vi x = 4/y—1 thay vao (2) ta dugc phuong trinh

Jx=1=0 x=1
I+Vx-1l=xVx-1-(Vx-1)'=0< <:{
Jx-1=1 [X=2
Véix =1racdy =2 (thdéa man diéu kién (¥)).
Véix =2tacody=>5 (théa man diéu kién (*¥)).
Vay hé phuong trinh ¢6 hai nghiém (x ;y)=(1;2),(2;5).
Vi du 6: Giai hé phuong trinh :
4x\8Xx —4 —12y* —5=4y’ +13y +/18x -9 (1) (x.ycR)
YA
4K —8X +4+/2X -1+ 2y +7y* +2y =0 (2)

Loi gidi tham khao
Piéu kién : XZ%;yeR M) x

Ta co
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(1) ©8xv2x-1=4y* +12y* +13y +5+3v2x -1
SARx-1)+1V2x -1=4(y +1)° + (y +1)
S A2x =1 +2x-1=4(y+1)* +(y+1) (la)

Xétham s f(t) =4t +t voiteR
Taco f'(t)=12t"+1>0,VteR suy ra ham sb f(t) dong bién trén R
Mait khac f(t)1a ham lién tuc trén trén R

Do d6 phuong trinh

) — yZ—l (**)
(la) & f(v2x-1) = f(y+1) < V2x 1_y+1<:>{2x=y2+2y+2 (1b)

Thay (1b) va (2):

(Y +2y+2) —4(y +2y+2)+(y+D) + 2y’ +7y* +2y=0
S Y +6y’ +11ly'+6y=0< y(y’' +6y° +11y+6) =0

y=0
y=-1
S yY(y+)(y' +5y+6)=0<= y=_2
L :_3

Déi chiéu diéu kién (**) tadugc y=0;y =-1

Véiy=0taco V2x—1=1<> 2x —1=1<> x =1(thoa min didu kién (*)).

Véiy=-ltaco V2x-1=0<2x-1=0< x:% (théa mén didu kién (¥)).

Vay hé phuong trinh da cho ¢6 nghiém (X;y) = (1;0), (%;—1).

% Phan tich loi giai :

Mot ldn nita, gido vién cho hoc sinh thdy dwoc tinh wu viét cia phwong phdp ham
ddc trung khi gidi vi du nay. Cdc em sé bién doi phwong trinh (1) nho viéc dya vao
ham ddc trung T (t) = 4°+ t. Khi d6, phuong trinh (2) duoc gidi quyét dya vao
phuong phap dwa vé phirong trinh tich.
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X*(4y* +1)+2(x* +1)/x =6 (1)

Vi du 7: Giai h¢ phuong trinh:
x2y(2+2 4y2+l):x+\/x2+1 (2)

X,y eR)

Piéu kién: x>0

Nhan xét x =0 khong 13 nghiém. Tt diéu kién suy ra y >0

x2y(2+21/4y2+1):x+\/x2+l<:>2y+2y«/4y2+1:1+1 14
X X

X2
Xéthamsb f(t)=t+tvt*+1, t>0.

f/(t) =1+t +1+

2

— > 0 v6i t>0nén f(t) laham s6 dong bién.
t°+1

Twr do suy ra: 2y=% thé vao phuong trinh X3(4y2 +1)+2(X2 +1)\/_:6
x? (%+1}+2(x2 +1)\/;= 6 < x(x2 +1)+2(x2 +1)\/§: 6
Pit a=+/x >0: phuong trinh < az(a4 +1)+2a(a4 +1):6

oa’+22°+a’+2a-6=0 < (a-1)(a’+3a*+3a°+3a’ +4a+3)=0

a=1
= 5 4 3 2
L +3a*+3a°+3a’ +4a+3=0 (*)
e A 1en . A 1
Véi dicu kién a>0 (*) vO nghiém nén \/;:1<:>X=1,y=§.

Vay nghiém cua h¢é phuong trinh (x;y) = (% %) )

Vi du 8. Giai hé phuong trinh

V2x+1-2y+1=x-y (1) (xy e R)
X" —12xy +9y*+4=0 (2)

Loi giai tham khao
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X2 ——
A A 2
biéu kién:

>_=
y 2

T phuong trinh (2) néu hé phuong trinh c6 nghiém (X;y)thi xy>0 (**)

Taco () ©vV2x+1-x=,2y+1-y

Xétham sd f(t)=~/2t+1—t véite {—%Hooj, f(t) 1a ham lién tyc trén [_%H_wj

Taco f(t)=——m—1=22¥2*HL b t=0
J2t+1 J2t+1
Bang bién thién :
t _l 0 + o0
2
f'(t) + 0 -

f(t) " —

Do (**) nén xay ra céc truong hop sau :
Truong hop 1 : x,ye[—%;oj () =1f(y)<=x=y

Truong hop 2 : X,y €(0;+0) : f(x)=f(y) < x=y
Do d6 phuong trinh (1) < f(x)=f(y) < x=y
Thay x =y vao phuong trinh (2) ta dugc phuong trinh : X* =2 < X = +/2
Két hop véi didu kién (*) ta duoc x =y = /2
Vay hé phuong trinh da cho ¢6 nghiém (x;y) = (\/E 2 ).
+ Phan tich loi giai:

RG rang, tir phuong trinh (1), ta thdy ngay dwoc phwong trinh dic trung
f(t) =2t +1—t , nhung khi dé ta lai gdp tré ngai la ham sé khéng luén dong bién
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hodc nghich bién trén tdp xdc dinh da chi ra. Khi do ta phdi xét trén timg khodng
nhé dé suy ra tinh dong bién nghich bién ciia ham sé do.

Vi du 9. Giai hé phuong trinh

{(17—3x)\/5—x +(3y—14)J4—y =0 1)

(x,yeR)
242X+ Y +5+33x+2y+11=x"+6x+13 (2)

Loi giai tham khao
X<5
. <4
biéu kién: y *)
2X+Yy+5>0
3X+2y+11>0

Taco () = [36-x)+2]V5-x=[3(4-y)+2]J4-y (la)

Xétham sd f(t) = (3t° +2)t =3t° + 2t voi t €[0;+00)

Taco f'(t)=9t"+2>0,Vte [O;+oo) suy ra ham s f(t) dong bién trén [0;+oo)
Mait khac f(t)1a ham lién tuc trén [O; +oo)

Do do6 phuong trinh

(la) = f(V5-x)=f(J4-y)=5-x=Jb-y =>5-x=4-y=y=x-1

Thay y = x — 1 vao (2) ta dugc phuong trinh :

24/3x+ 4 +3/5x+9 =x* +6x +13  (2a)

< 2(\3x+4 —2) +3(\/5%x +9 —3) = X* + 6X

= ox + LoX = X(x+6)
N3X+4+2 /5x+9+3
6 15
< X + -6-x)=0
(\/3x+4+2 \VBX+9 +3 )
x=0
e 0 1 _6-x=0 (2b)

+
3X+4+2 Bx+9+3
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Véi x = Otacd y=-1 (théa min diéu kién (*))

6 15

_+_
N3X+4+2 5x+9+3

Giai phuong trinh (2b): Xét ham sé g(x) = —6—X lién

. 4 .
tuc trén —5;5 ,taco

9 75
VIX+4(3x+4+2)°  /5x+9(\/5X +9 +2)"

g'(x)=- —1<0,VX€(—%;5j suy

ra ham s6 g(x) nghich bién trén [—% ; 5}

Mat khac g(-1)=0

Do d6 phuong trinh (2b) < g(x) = g(-1) < x=-1=> y=-2 (théa man diéu kién
()
Vay hé phuong trinh ¢6 nghiém (x;y) =(0;-1),(-1-2).

+ Phan tich loi giai:

Pé gidi a”u’ag’ bai tap n,dy, tha thdy ngodi phwong phdp sir dung ham ddc trung si
dung ca ham so ta con két hop ca phwong phap nhan lién hop.

- Khi gdp phwong trinh vé ti, mét trong cdc phirong phdp hay dwoc nhdc dén dé la
phwrong phdp nhan lién hop. Ta thuong tim ra biéu thirc lién hop dia vdo viéc nham
nghiém ciia phwong trinh, thwong nhitng nghiém dé la nghiém duy nhat. Va vi thé,
khi xdc dinh dweoc lwong lién hop ciia biéu thirc vo ti twong doi don gidn, vi du nhuw
& phwong trinh trén, ta chi can phdt hién ra x = 0 la mét nghiém ciia phwong trinh
(2a) thi khi gdp N3X+4 ta sé thém b6t mot hing s6 dé xudt hién dang N3x +4 -2,
khi gdp~[5X +9 thi ta sé thém bot mot hing sé dé xudt hién dang J5X +9 —3, khi
dé sau khi nhén va chia véi lwong lién hop thi sé xudt hién nhén tir chung 1d x.

- Poi véi phirong trinh (2a), hoc sinh ciing c6 thé gidi tiép bang phwong phdp nhén
véi lwong lién hop. Pau tién ding hé tro ciia mdy tinh, ¢é thé tim thém dwoc nghiém
X =—1 ciia phwrong trinh (2a), va vi vdy, theo hieéng phdn tich & trén, ta sé tach tiép
dwoc nhw sau:
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6 15

+
3x+4+2 Bx+9+3
6

15
S (———-2)+ (———=—
(\/3x+4+2 ) (\/5x+9+3

-6-x=0

~3) = (x+1)

21-+3x+4) 3(2-+5x+9)
= + =x+1
V3X+4 +2 \BX+9+3

2(—3x—3) 3(-5-5x%)

< (V3X+4 +2)A++/3x+4) ’ (V5x +9 +3)(2+/5x +9) =x+
< (x+1)| - 6 — 15 -1/=0
(V3X+4+2)(1++/3x+4) (/Bx+9+3)(2++/5x +9)

S x=-1
6 15

N B a2 B 8) (X932 VX +9)

- Theo cdch gidi trén, trong truong hop néu nham thdy phwong trinh c6 hai nghiém
thi ta da ding phirong phdp lién hop hai lan dé xudt hién nhédn tir chung. Vay ngodi
cach thém bét hai lan nhw vay, ta con cdch nao dé chi can mét lan thém bot la da
xudt hién dwoc nhan tir chung hay khéng? Khi dé cach lam xudt hién biéu thirc lién
hop nhw thé nao? C6 thé thdy, ngoai phirong phdp ham sé, phwong phdp nhén lién
hop, thi ching ta con c6 thé gidi hé phwong trinh dai s bang phwong phdp liwong
gidc héa, mdt trong nhitng phwong phdp t6 ra rdt hitu hiéu khi gidi nhitng bai tdp
dang nay. Tuy nhién trong khudn khé ciia mét sang kién kinh nghiém nén téi xin phép
khong dwa ra o day.

-1< O,VXe(—%ﬁ))

Tong két chwong 2

Trong chuong 2 tac gia dd xay dung duoc mot hé théng cac vi du vé phuong trinh,
bat phuong trinh va hé bat phuong trinh dé minh hoa cho viéc sir dung tinh chat ham s6 dic
trung dé giai cac bai toan d6. Trong d6 ¢6 13 vi du minh hoa cho bai toan giai phuong trinh,
11 vi dy minh hoa cho bai toan giai bat phwong trinh va 9 vi du cho bai toan giai hé phuong

trinh dai s6. Trong cac vi du, tac gia déu cd nhitng phan tich, danh gia cho bai toan do.
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Chwong 3: THUC NGHIEM SU PHAM

I. Muc dich cia thwc nghiém sw pham.

Nham kiém nghiém tinh thyc tidn cua dé tai qua thyuc té giang day va hoc tap caa hoc
sinh vai muc dich tang sy hirng tha va vui vé trong gio hoc todn. Gilp hoc sinh luén chu
dong sang tao trong mai noi dung giang day, tu tin khi dung truéc moi bai toan. Kiém
nghiém tinh kha thi va hiéu qua cua dé tai thong qua cac tiét hoc va bai kiém tra danh gia.
I1. T chiic thuc nghiém sw pham

- Chuan bi kién thirc nén va kién thire lién quan dén dé tai.

- Tién hanh day thuc nghiém: Day thuc nghiém trén ba 16p 12A1, 12A2, 12A5 céc
tiét lién quan dén noi dung trong dé tai. Sau d6 tham do y kién va cho lam bai kiém
tra.

- Panh gia két qua thuc nghiém (so sanh két qua cac 16p day thuc nghiém véi cac 16p
khong day thuc nghiém, gitra 16p truéc khi ap dung dé tai va sau khi 4p dung dé tai)

- Thoi gian thuc nghiém: 9/2022 dén 2/2023.

I11. Panh gia két qua thuc nghiém

Pé danh gia tinh hiéu qua cta dé tai, toi chia viéc ap dung sang kién kinh nghiém lam 3
giai doan:

Giai dogn 1: Piéu tra trude khi tién hanh thir nghiém vé y thirc hoc tap cta hoc sinh trong
cac gio hoc toan, su tuong tac cua hoc sinh trong gio hoc, mirc do hiéu bai va nim viing
kién thirc trong mdi tiét hoc va dic biét 13 cach giai cac bai toan vé phuong trinh, bat phuong
trinh va hé phuong trinh dai sd.

Giai doan 2: Day chuyén d¢é lién quan dén sang kién kinh nghiém.

Giai doan 3: Khao sat, 1dy két qua sau khi day thir nghiém vé su hirng tha hoc tdp mon
toan cua hoc sinh, su twrong tac cua hoc sinh trong moi gi0 hoc va danh gia mue do hiéu bai
ctia mdi hoc sinh.

+) Khdo sat trude thuyc nhiém:

Déi voi HS: 1ay phiéu khao sat va cho lam bai kiém tra (mdu phiéu va noi dung bai

kiém tra & phan minh ching)
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Pbi voi GV: 1dy phiéu khao sat (miu phiéu phan minh chimg)
+) Khao sat sau thuc nghiém:

D01 vo1 hoc sinh: 1ay phiéu khao sat va cho lam bai ki€ém tra (mau phiéu va nd1 dung

bai kiém tra & phan minh chung)
Pbi voi GV: 1dy phiéu khao sat (miu phiéu phan minh chimg)
Qua khao sat, két qua thyc nghiém thu dugc nhu sau:

1) Vé thai do

Thai gian Hing thu Binh thwong Khong hing thi
dieu tra HS | Tile@) | HSs |Tile@) | Hs |[Tile(%)
Trudc

22 15% 67 47% 95 68%

chuyén dé

Sau chuyén

i 90 64% 40 29% 10 7%
C

2) Vé két qua hoc tap mdn toan

Gioi Kha Trung binh
(<5)
Thoi gian (8-10) (6,5-7,9) (5-6,4)
diéu tra Tilg Tilg Tile Tilg
HS HS HS HS .
(%) (%) (%) (%)

Truoc ,
: 12 | 85% | 55 39% 58 |415% | 15 10%
chuyén de

Sau chuyén
de

Khi ap dung dé tai trén vao viéc giang day mén todn & céc Iop, t6i da thu duoc cac két

36 26% 60 43% 38 27% 6 4%

qua sau:

- Tao dugc hing th hoc tdp mon toan cho hoc sinh trong moi gi0 hoc. Hoc sinh rat tich

cuc lam bai tap dugc giao. Qua d6 cac em nam chac kién thirc va hiéu bai mdt cach sau sac.
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Céac em khong con cam thay so khi dig trudc cc bai toan giai phuong trinh, bat phuong

trinh va hé phuong trinh dai sd.

- Két qua kiém tra noi dung cua chuyén dé c6 tinh kha thi 16n. S6 luong céc hoc sinh biét
st dung tinh chat ham dic trung dé giai phwong trinh, bat phuong trinh va hé phwong trinh
dai s6 tang 1én o rét.

- Tao duoc tac phong trong tac tich cuc trong gio hoc, tao méi truong thi dua hoc tap lanh
manh, qua d6 gitp cic em phat huy thé manh ca nhén ciing nhu tinh than dong doi.

- V6i dong nghiép, khi chia sé dé tai cac thay c6 déu thay hitu ich va hiéu qua trong qua
trinh giang day ciia minh. Nhiéu thay c6 da van dung rat linh hoat va day hiéu qua vao trong

cac lép minh giang day.

Tong két chwong 3

- Vé thai d6 ctia hoc sinh d6i véi mon hoc: ti 18 hoc sinh ¢6 himg th va cam théy thoai mai
trong mdi gio hoc toan ting nhanh; s hoc sinh cam thay chan nan, mét méi mdi khi hoc
mon nay giam di ro rét.
- Vé két qua hoc tap mon toan: Ti 1€ hoc sinh dat diém cao trong ca bai kiém tra noi dung
giai phuong trinh, bat phuong trinh va hé phuong trinh dai sé ting, sé lugng hoc sinh khong
giai dugc bai todn giam.

Qua thuyc té gio day va phan tich s liéu & trén c6 thé két luan:

- Hoc sinh hing thi khi khi sir dung tinh chat ham dic trung dé giai phuong trinh, bat
phuong trinh va hé phuong trinh dai sd, trong mdi gio hoc sy tuong tac va phan hoi cia

hoc sinh tich cuc. Hoc sinh cdm thay vui vé va hao hiing trong moi gio hoc toan

- Do nhing kho khan trong qua trinh gidi toan dugc thio g&, nén cac em dé tiép thu bai

hon, tir d6 két qua hoc tap cua cac em tang lén rd rét.
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KET LUAN VA KHUYEN NGHI
I. KET LUAN

Ham dic trung to ra rat hidu qua trong viéc giai cac phuong trinh hay hé phuong
trinh. Trudc mot bai toan, thuong cé nhiéu cach xtr Iy khac nhau, nhung t6i nhan thiy néu
nhu ap dung dugc phuong phap sir dung ham dic trung thi nhiéu bai toan s& duoc giai quyét
don gian, ngan gon hon.

Giai phuong trinh, bat phuong trinh va hé phuong trinh 1a mét ndi dung rat kho, tuy
nhién day lai 1a néi dung quan trong Giai tich 12. Hoc sinh thuong kha ling ting, e so cuia
hoc sinh khi gdp nhiing bai toan dang nay.

Tuy nhién khi t6i 4p dung dé tai vao giang day t6i nhan thiy c6 sy thay doi dang ké
trong tam thé va cach lam bai cua hoc sinh. Tir chd lo sg, ling tung va khong biét 1am, cac
em da himg thi va day tu tin trong 10i giai mdi bai toan. Piéu d6 chung té viéc sir dung
phuong phap ham dic trung vao giai quyét cac bai toan giai phwong trinh, bat phuong tinh
va h¢ phuong trinh 1a hoan toan kha thi va mang lai hi¢u qua.

Mic du da tham khao mot s6 lwong 16n nhiing tai liéu tham khao hién nay dé giang
day ciing nhu xay dung hé thong bai tap phong phu cho hoc sinh, song vi kinh nghiém va
kha ning ctia ban than con han ché, bai viét cling chua ap dung nhiéu trén cac ddi tuong
hoc sinh khac nhau. Chinh vi thé chic chin s& con nhiéu han ché va thiéu sot, rat mong
nhan duoc ¥ kién dong gop cua cic ban dong nghiép va cac nha quan 1y dé dé tai dugc hoan
thién hon va tng dung rong rai, co ¥ nghia thiét thuc trong cac nha trudng.

T6i rat mong nhan duoc ¥ kién phan hdi ciing nhu nhitng dong gbp qui bau cta TH
chuyén mon, Ban giam hiéu va cac dong nghiép.

II. KHUYEN NGHI
Ban giam hiéu nha trudng thuong xuyén quan tdm khich 1é nhiing gido vién di dau

trong cac hoat dong giang day, dic biét 1 nhiing gido vién c6 nhiéu tim toi kham pha bd

ich.

Nha truong nén chi kinh phi d€ moi cac chuyén gia vé tdp huan cho cac giao vién,
hay t6 chirc cac budi sinh hoat chuyén mén tam c¢d khu vyc hodc céc tinh ban lan can.

To1 hy vong dé tai duge don nhan va irng dung rong rai trong gidng day va trd thanh

tu liéu htru ich cho hoc sinh cling nhu gido vién tham khao khi day va hoc tap.
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Trén day la sang kién kinh nghi¢m cua t61, rat mong nhan dugc su gop y cua hoc

ddng khoa hoc.

Toi xin chan thanh cam on!



1)

)

©)
(4)
(%)
(6)
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TAI LIEU THAM KHAO
Gidi tich 12 Co ban - Tran Van Hao (CB)— NXB Gido duc.
Bai tdp Giai tich 12 nang cao — Nguyén Huy Poan (CB) — NXB Gido dyc.
Bai tdp Gidi tich 12 Co ban - Tran Van Hao - NXB Gi4o duc.
Sach giao vién Giai tich 12.
Tdp hudn boi duéng chirong trinh GDPT méi - GS D6 Purc Thai
Gi4o duc hoc mén toan - Pham Vin Hoan, Nguyén Gia Céc, Tran Thic

Trinh - Nha xuét ban gi4o duc Ha Noi - 1986.

(7)

Cac Website trén Internet, ...
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PHAN MINH CHUNG
PHIEU KHAO SAT TRUOC KHI THUC HIEN SANG KIEN
(Danh cho hoc sinh)

Em hay cho biét y kién cua minh bang cach danh dau vao méi 6 ma cdac em chon, co thé
danh ddu nhiéu lan ¢ moi cdu hoi.

Xin cam on!

STT Néi dung Pong y
L N Cé
Trong cac gio hoc mon toan, em
1 | c6 dé dang nam bat kién thac bai Khdng
ong?
hoc hay khong® Binh thuong
e A ... | Co
Em c6 thudong xuyén tuong tac voi
2 | GV trong cac gio hoc toan hay Khdng
ona?
khong? Binh thuong
R4t thuong xuyén
g | Emco thudng xuyén giai céc bai Thudng xuyén
Chua bao gio
Rat tu tin va hao hing
4 | khi tham gia cac gio hoc toan —
khong? Lo s¢ va lung tung
Binh thuong
Em cam thiy nhu thé nao khi giai t%?]m Ii?\?y Iralt (lillj)r’] thuong ling
5 cac bai todn vé phuong trinh, bat : g . g gf g
phuong trinh va hé phuong trinh Cam thay binh thuong
dai s6 Cam thay d&, don gian.
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PHIEU KHAO SAT TRUOC KHI THUC HIEN SANG KIEN

(Danh cho giao vién)

Xin thay, c6 vui long tra loi cac cdu hoi sau:

STT Néi dung Pong
y

Thay c6 c6 thudng xuyén giao bai tap | Chua bao gid

. vé phuong trinh, bat phuong trinh va hé | Thinh thoang
phuong trinh dai s6 cho hoc sinh l1am Thuong xuyén
khong? Rat thuong xuyén

‘ Rat hirng tha
Theo thay, c6 su hing tha va tich cuc _
_ o Hung tha
2 | cua hoc sinh trong cac gio hoc toan nhu _
. Khéng hirng tha
the nao?
Lo s¢ va lung tung

Thay c6 c6 sir dung tinh chat ham dic | Co

3 trung dé giai phuong trinh, bat phwong | Thinh thoang
trinh va hé bat phuong trinh dai s6

) Chua st dung

khong?
Theo thay ¢, viéc sir dung tinh chat c6
ham dic trung dé giai phwong trinh, bét

. phuong trinh va hé phuong trinh dai s6 | Khdng
c6 lam phéat huy tinh chu dong, sang tao
cua hoc sinh so véi cac phuong phap Tuong dwong nhau
khéc khong?
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PHIEU PIEU TRA SAU KHI THUC HIEN SANG KIEN

(Danh cho giao vién)

Xin thay, c6 vui long tra loi cac cdu hoi sau:

STT Noi dung

Pong y

Theo thdy, ¢d viéc sir dung tinh chat ham
dac trung dé giai phuong trinh, bat

RAt hitu ich

trinh ¢6 lam tang hiéu qua gio hoc toan
hay khong?

! phuong trinh va hé phuong trinh dai sé ¢6 Hiu ich

hiru ich hay khong? Khéng htu ich
o , o Rat hing tha
Dung tinh chat ham déc trung dé giai ) -

) phuong trinh, bat phuong trinh va hé Hung thi
phuong trinh dai s0 ¢6 gay huang thi cho | Binh thuong
hoc sinh khi hoc hay khdng? - -

Khong hung tha
Theo thy, c sir dung tinh chat ham dic | Rét hiéu qua
3 trung dé€ giai phuong trinh, bat phuong Hiu qua

Khéng hiéu qua

4 | Nhan xét cua thay ¢ vé cua dé tai?

R4t dé tiép can va ap
dung.

Kho hiéu va mo hd

La mot phuong phap
phu hop véi ca giéo
vién va hoc sinh

Thuc su c6 hiéu qua

HO VAN ZIA0 VICN: ..ot

TrUON & ot

Xin chan thanh cam on thay (co)!
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PHIEU PIEU TRA SAU KHI THUC HIEN SANG KIEN
(Danh cho hoc sinh)

Em hdy cho biét ¥ kién ciia minh vé néi dung “Khai thdc tinh chdt ham ddc trung dé gidi
phwong trinh, bat phwong trinh va hé phuwong trinh dai so” bang cach tich vao 6 dong y
twong ung voi phuwong an ma em da chon!

STT Néi dung Pong y
Khéng thich
o Lo A Binh thuong
1 | Em c6 thich chuyén d¢ nay khong? -
Thich
Rat thich
Khéng hing thu
Em c6 cam thay hang thd, vui vé trong | Binh thuong
2 | cac gio day sur dung chuyén dé nay - -
khong? Hung thu
R4t hirng thd va vui vé
R4t hai long
Em c6 hai 1ong véi phuong phap ma dé N
3 tai dua ra hay khong? Hai long
Khdng hai long
Khdng
Em con lo s¢ va khong hicu bai khi cé
4 | tham gia vao céc gio hoc toan nira hay
khong? Lo so
Hiéu bai va van dung tot
Tao htrng tha va niém say
mé trong hoc tap
Cam nhan cua em sau khi hoc chuyén GA'Up hicu l?f“’ mf’ rong va
5 nang cao kién thac

dé nay?

Giup hinh thanh nang luc
tu chiém linh kién thac
mai




Page 54 of 59
BAI KIEM TRA TOAN 12
Thoi gian lam bai: 45 phut

(Bai kiém tra thiee hién trudc khi dp dung sang kién kinh nghiém)

Bai 1: Giai phuong trinh sau: 24/2x+4 +4/2—x =49x* +16 (Vx € R)

Bai 2: Giai bat phuong trinh sau: 2(x—2)(Y4x—4 ++/2x-2)>3x -1 (*)

(2x2y—7)<\/3x—2—\/x+3xy)=5
Bai 3: Giai hé phuong trinh
x2(4+ y2)_1: 1+4x% —xy

HUONG DAN GIAI

N 2X+4>0
Bai 1: bicu kién: & -2<x<L2 ().
2-x20

242X +4 + 442 - x =/9X* +16 < 4(2X +4) +16(2— X) +16,/(2x + 4)(2— X) = 9x* +16

<> 48—-8x +164/2(4—Xx*) =9x* +16 (1)
(1) ©164/2(4—Xx") —=8x=9x* —32 = 8(2/2(4 - x*) = X) =9x* =32 (la)

Xet truong 1:

2J2(4-xX) +x=02/2(4-X) =—Xx & 4 2<:>x=—T

Thay x = —gvéo (1a) khong théa man.

Xét truong 2: 2\2(4—X*) +Xx#0 < X # —4—
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o 8(22(4—x* = X)(22(4 - X* + X) _9x’ 32
22(4 - X" +X

8(8(4—x)—x" _

8(32 - 9x?)

la) & X'-32 <= =9x* -32
(12) 22(4 - X" +X 2./2(4—X* + X
o 9x*-32=0
< (9x* =32)[1+ =0 8

1+

— X =0
2m+x 2m+x

42

Xét phuong trinh 9x° -32=0< x = iT

Két hop diéu kién x # _4T ta duoc X = % théa man.

Xét phuong trinh

8

1+ =0 2/2(4-X)+x+8=0=2/2(4—-x*) =—x—-8
24/2(4—X*) + X ( ) (

Vi —2 < x <2 nén phuong trinh 2,/2(4 - x*) = —Xx—8v0 nghiém.

42

Vay phuong trinh da cho c6 nghiém X = =3

Bai 2: Piéu kién: x>1. Do x=2 khong la nghiém ctia BPT nén:

() > Yax—a+42x 22271 (D
2x—4
<. 3 \ 3x-1
Diat: f(x)=4x-4+2x-2 va g(x)= :
2x—4
Xét ham sd f(x)=Y4x—4 +\2x-2 trén [1;+00)\ {2} cO:
4 2
'(x)= + >0, Vxe(1,+0)\{2}-
! 3(4x -4y  3Y(2x-2) (2]
Suy ra ham sb f(x) ludn dong bién trén [1;+00)\{2}-
Xét ham sd g(x)= ;’i:i trén [1;+oo)\{2} co: g’(x):—(z;foél)z<0, vx.

Suy ra ham sb g(x) ludn nghich bién trén [1;+0)\{2}-
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Néu x23<:>{;((z))zgg))::@f(x)zélzgx)<:>f(x)Zg(x).

Hay /4x -4 ++2x-2 zg’x_icmz& Suy ra nghiém (1) 1a xe|[3;+x).

fx)<f(3)=4

o(x)> g@)=a = Rt <8@ = f) <5

Néu x<3<:>{

Hay ax—4 +2x—2 <§x_1©x<3 nén (1) vé nghiém khi x<3.

Két luan : Giao véi diéu kién, tap nghiém cua bat phuong trinh la: xe [3; +oo).

(2x°y=7)(v3x=2—{fx+3xy ) =5 (1)
Bai 3: Xét hé phuong trinh
X* (4+Y") —1=1+4x" —xy (2)
2

X2 —

s %M

2

>
3 1
X+3xy >0 y2—§

s A X g en . 1 1
+) V6i diéu kién (*), tir (2):‘/(y2+4)+y: /?+4+;. (3)
A 1
+) Xét ham so: f (t)=/(t*+4)+t, t>—-=.
) Xét ham s6: f (t) /( + )+ .

Ta ¢ f'(t)=ﬁ+l>O,Vt2—%. Suy ra, him s6 f (t)= (t2+4)+t dong bién
t°+4
trén ‘:—l;+ooj.
3

Mat khac f (t)lién tuc trén [—%;H)o). Do do, tir (3) <= f(y)=f [lja y=%.

+) Piéu kién:

+) Thay y :é vao (1), ta dugc: (2x—7)(\/3x—2 —\/x+3) =5. (4)
Nhan thiy, x :% khong 14 nghié¢m cia (4), nén (4) c6 thé viét lai:

V3X—2 =[x+ =2—57<:>\/3x—2—\/x+ —L=O.
X_

2X—-7
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bat g(x)=v3x—-2-vx+3- > ,Vng,x;tg.

2X—7 3

g'(x): 3 1 N 10 :3\/x+3—\/3x—2+ 10
2V3x-2 2x+3 (2x-7)°  2Jx+34Bx-2  (2x-7)
6 +29 10

= +
2/x+3/3x =2 (3Vx+3+3x-2) (2x-7)
Suy ra g(x) dong bién trén Egj va (%Hoo].

Ma g(1)=g(6)=0, nén (4) c6 hai nghiém x=1,x=6.

> >0, VX>E,X¢Z.
3 2

+) Vay nghiém(x;y) cua hé phuong trinh 1a (1) va (6; %) :
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BAI KIEM TRA TOAN 12
Thoi gian lam bai: 45 phut
(Bai kiém tra thyc hién sau khi dp dung sdng kién kinh nghiém)

Bai 1: Giai phuong trinh sau: X’ +3X* +4X+2=(3x+2)v/3x+1 (X eR)

Bai 2: Giai bat phuong trinh sau : Vx® —2x+3 —vx? —6x+11>3—x —/x—1
X —y® —3(2x2 -y + 2y)+15x—10 =0

X;yeR
J2-y+3-x=2x-2 ( )

Bai 3: Giai hé phuong trinh {

HUONG DAN GIAI

Bai 1: Piéu kién: x> —% (*).

X+ 3% +4X+2=(BX+2)V/3x+1 < (x+1)° +(x+1) = (\V3x +1)° +/3x +1 (1)
Xéthamsd f(t) =t +tvsi teR

Taco £2(t) =32+ 1> 0, Vt € R suy ra ham sd f(t) dong bién trén R.

Mit khac f(t) 1a ham s6 lién tuc trén R

Do do6 phuong trinh

10
) < F(x+1) = F(VBXTL) < x+1=Bx 1l i
3X+1=(x+1)

x>-1
Xx>-1 x=0 .
S <4 x=0< (théa man diéu kién (*)).
X*=x=0 1 x=1

Vay tap nghiém cua phuong trinh 1a T = {0;1}
Bai 2: Diéu kién: 1<x<3.

(M JE =17 +2+Vx-1>B3-x) +2+3-x < f(x-1)> f(B-x).

0<x-1<4

Do 1<x<3 =
0<3-x<4

. Xétham s6 f(t)=v#* +2 ++/t trén [0;4] cd:
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F1(t) = 2t++2 + ﬁ >0, Vxe(0;4] = f(x) dong bién trén [0;4].

Neén ta cé: f(x-1)> fBG-x) = x-1>3-x < x>2.
Két luan: Giao vdi diéu kién, tap nghiém ctia bat phwong trinh 1a xe (2;3].

X<3
y<2

Bai 3 : Diéu kién : {
Phuong trinh thir nhat cta hé twong duwong véi :
(x=2) +3(x=2)=(y-1) +3(y-1) (1)
Xéthamsd f(t)=t°+3t,(teR).
Khidétacod f'(t)=3t>+3>0,vteR.Dodé f(t) 1a ham dong bién trén R.
Nén phuong trinh (1) trd thanh f(x-2)=f(y-1)< x-2=y-1le y=x-1.
Thay Yy =X-1 vao phuong trinh thir hai ta duogc: 2JB3=x=2x-2<3-x=x-1
> 1 x>1
<:>{ S Xx=2 & x=2.

3-x=x*-2x+1
x=-1

Véi x =2 thi y =1 (théa man).

Vay hé phuong trinh da cho c6 nghiém 1a (X;y) =(2;1).



